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Laser pulses traveling through a plasma can feature group velocities significantly differing from the
speed of light in vacuum. This modifies the well-known Volkov states of an electron inside a strong
laser-field from the vacuum case and consequently all quantum electrodynamical effects triggered by
the electron. Here we present an in-depth study of the basic process of photon emission by an electron
scattered from an intense short laser pulse inside a plasma, labeled nonlinear Compton scattering,
based on modified Volkov solutions derived from first principles. Consequences of the nonlinear,
plasma-dressed laser dispersion on the Compton spectra of emitted photons and implications for
high-intensity laser-plasma experiments are pointed out.
Exposing matter to lasers of highest electromagnetic
field strengths [1] holds promises ranging from technolog-
ical applications such as compact particle accelerators [2–
4] or radiation sources [5–12] to groundbreaking studies
of nonlinear quantum electrodynamics (QED) effects. In
vacuum, the scattering of an electron (massm and charge
e < 0) with initial four-momentum pµ = ε(1, βn)/c,
where β is the electron’s velocity in units of the speed of
light in vacuum c, from a plane wave with electric field
amplitude E and wave vector kµL = ωL(1,nL)/c becomes
nonlinear in the regime ξ = |e|E/cmωL & 1, and quan-
tum effects dominate for χ = ((pµk
µ
0 )/mcωL)E/Ecr & 1,
where Ecr = m
2c3/~ |e| is the critical field of QED [13].
Such nonlinear QED effects are conventionally accounted
for by including them in numerical simulations of laser-
matter interactions. While many theoretical efforts con-
tinue to further improve these QED-laser-plasma simu-
lation schemes [14–16], they are all based on approxi-
mating the QED rates by incoherent single-particle rates
in a constant plane wave, since for high particle ener-
gies and laser intensities any electromagnetic field can
be approximated by a plane wave, constant on the short
time scales of QED processes [13, 17]. The correspond-
ing QED calculations, however, assume the plane wave
to propagate through vacuum, i.e., its group velocity to
be c. In a realistic experiment on ultra-intense laser-
matter interaction, on the other hand, there will be a
background of massive particles present, quickly ionized
to a plasma of density ne, introducing the plasma fre-
quency ωp =
√
4πnee2/mγL with γL =
√
1 + ξ2/2 as
new time scale. In underdense plasmas ωp ≤ ωL ultra-
short laser pulses propagate over macroscopic distances
[2] almost entirely within the plasma and trigger rich dy-
namics in it only on time scales longer than the pulse du-
ration [18, 19]. Depending on the plasma’s parameters,
however, its presence may lead to profound alterations
of the QED phenomenology, e.g., the photons’ dispersion
relation was shown to exhibit features reminiscent of the
Higgs mechanism [20], and the vacuum approximation
becomes invalid. The most basic nonlinear QED effect
conventionally considered in ultra-intense laser-matter
interactions is the emission of quantized radiation, or
Compton scattering. Linear Compton scattering, i.e.,
the absorption and emission of only one photon by an
electron has been studied in the presence of a plasma
background already some time ago [21, 22]. However,
novel laser pulses feature unprecedentedly high photon
fluxes (ξ ≫ 1), leading to an altered effect, labeled non-
linear Compton scattering, commonly approximated as
an incoherent sequence of emissions of single high-energy
photons upon coherent absorption of photon from a laser
propagating through vacuum [23]. This process can no
longer be described by conventional linear QED, indicat-
ing the need for a nonlinear theory of laser-electron in-
teractions. In the presence of a background plasma such
a theory is thus far missing. On the other hand, the im-
portance of understanding the emission originating from
the interaction of intense laser pulses with the electron
population of a dilute plasma is also signified by ear-
lier, classical analyses of nonlinear laser-driven particle
dynamics [24], later refined to also include the emitted
power spectrum [25]. Preliminary studies of this influ-
ence were performed at low laser intensities in a classical
framework [26], similarly to studies of laser-driven elec-
trons in vacuum [27, 28], however with no QED effects
taken into account.
In this Letter, we provide a first-order or leading-order
analysis of the impact of a nonlinear photon dispersion
on nonlinear Compton scattering in a QED framework.
This study’s main goal is to investigate the validity of
the hitherto used QED phenomenology model based on
scatterings in vacuum. Due to the complexity of the un-
derlying nonperturbative QED framework, we perform
a leading-order analysis of the plasma’s influence. By
2identifying deviations of the corresponding perturbative
plasma effects from the vacuum theory, we put bounds
on the latter’s applicability. We thus do not take into
account detailed plasma dynamics such as instability ex-
citations. Much rather, we make the simplifying assump-
tion of the background plasma to be cold and collision-
less, which was demonstrated to be reasonable for rel-
ativistic laser-matter interactions [29] provided ion mo-
tion is negligible and the electron temperature Te is small
compared to the energy gain from the laser fieldmξ ≫ Te
[30]. The plasma ions (mass mi ≫ m), however, can be
heated only on time scales corresponding to several ion
plasma periods ti = 2π/ω
−1
p,i = ω
−1
p (m → mi) ≫ ω−1p
which we ensured to be much longer than the laser pulse
durations considered in our work, indicating that the
ions also remain cold. Consequently, the plasma’s ef-
fect on the particle dynamics is negligible and its impact
on the electromagnetic fields can be treated by a mean-
field approximation, yielding a nonlinear dispersion re-
lation. In accordance with most ultra-high field facili-
ties operating in the optical regime, we assume the laser
pulse to have an optical carrier frequency, whence it will
experience the background plasma as a refractive index
ρ ≡ ρ(ωL) = (1−(ωp/ωL)2)1/2 6= 1 resulting in a changed
wave vector kµL = ωL(1, ρnL) with k
2
L 6= 0 [31]. Since the
electron emits mainly high-energy harmonics of its base
frequency, on the other hand, we may assume the emit-
ted photons to be unaffected by the background plasma.
The basis for nonperturbative QED are solutions of the
Dirac equation in the field under consideration, which,
for a laser propagating through a medium with nonlin-
ear dispersion relation, have been a long-standing issue
and several solutions were communicated [32–37], dis-
criminating between lightlike and spacelike photon fields.
Many of these solutions, however, were of exploratory
nature [38, 39] until recently a more quantitative study
was put forward [37]. It was shown that in scattering
problems involving energy scales far above any binding
barrier, such as studied here, a perturbative approach
for the wave function is satisfactory. However, transi-
tions between these electron states have not yet been
investigated. In QED such transitions are mediated by
the emission of photons, and have been analyzed for spe-
cial non-plane wave geometries recently [40–43], carrying
some resemblance to the full problem of Compton scat-
tering in a plasma background.
We thus start our analysis from the Dirac equation in
the presence of a strong, plane wave laser pulse of ampli-
tude AµL(η) := A
µ
L ψ(η) = ǫ
µ
Lψ(η)(mξ/|e|) with an optical
carrier frequency ωL = 1.55 eV (units ~ = c = 1 are used)
where η = kµLxµ is the invariant laser phase and ψ(η) the
potential’s shape function. Based on multiple scale per-
turbation theory [44] we found the following solutions to
this equation (s. [37] for an analogous derivation)
Ψp(x) =
[
ΦV,p +
k2L
2(kLp)
δΦp
]
e−ipx+iΣ(η)
up√
2εV
(1)
Σ(η) =
∫ η
−∞
dφσp(φ) +
k2L
2(kLp)
σ2p(φ)
δΦp = σp(η)
{
1 + e
/kL/AL(η)
(kLp)
}
− e
2A2L(η)
4(kLp)
ΦV,p − ie/kL/A
′
L(η)
2(kLp)
,
where ΦV,p = 1+e/kL/AL(η)/2(kLp), up is the bi-spinor for
a free electron of momentum pµ, the prime denotes differ-
entiation with respect to η, σp(η) = e
2A2L(η)/2(kLp) −
e(pAL(η))/(kLp) and the Feynman slash notation 6a =
γµaµ with the Dirac matrices γ
µ is used. It can be
shown that this above solution is formally equivalent to
the solution resulting from a perturbative expansion of
the full Dirac equation in orders of k2L. We then use
these wave functions (??) as basis set for a strong field
expansion of QED in a laser field propagating through
a plasma to compute the probability of the emission
of a photon with wave vector kµ1 = ω1(1,n1) towards
n1 = (cos(φ1) sin(θ1), sin(φ1) sin(θ1), cos(θ1)) from an
electron changing its initial momentum pµi to a final mo-
mentum pµf . The scattering matrix element of this pro-
cess is given by [13, 45]
Sfi = −ie
√
4π
2ω1V
∫
d4xΨpf (x)/ǫ
∗
1e
ik1xΨpi(x), (2)
where Ψp(x) = Ψ
∗
p(x)γ0 is the wave function’s Dirac con-
jugate and ǫµ1
∗
the emitted photon’s polarization vector’s
complex conjugate. We note that three of the four space-
time integrals in this expression yield energy-momentum
conservation like in the vacuum analysis [46–49] while,
unlike in the vacuum case, the nontrivial integration is
in the plasma dressed laser phase η = ωL(t−ρnLx). This
phase variable will no longer be a Lorentz invariant, as
the refractive index depends on the spatial plasma den-
sity, whence we limit our discussion to the experimentally
most relevant reference frame in which the plasma is on
average at rest. From ?? one can now obtain the emitted
energy according to dE = ω1dΓ1dΓf
∑
σ,λ |Sfi|2 where∑
σ,λ indicates summing (averaging) over final (initial)
state spins and polarizations and dΓ1 = dk1/(2π)
3 is
the emitted photon’s phase space and we use energy-
momentum conservation to collapse the integrals over
the final state electron’s phase space dΓf . We ensured
several analytical limits of the resulting QED radiation
probability: We found that in the linear limit ξ → 0 the
expression reduces to the perturbative QED amplitude
of a dispersive photon undergoing Compton scattering
off an electron. We also found that in the vacuum limit
ne → 0 it reduces to the well-known expressions of non-
linear Compton scattering in vacuum [46–49]. Finally, we
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FIG. 1. (a) Integrated spectra for IL = 10
22 W/cm2 for dif-
ferent plasma densities. (b) Total emitted energy compared
to the vacuum limit (dashed red) with a quadratic fit (solid
blue).
also confirmed that in the classical limit χ→ 0 the QED
current jµ = Ψ¯p(x)γ
µΨp(x) resulting from the used wave
functions reduces to its classical counterpart. In order to
obtain this classical current, necessary to compute classi-
cal emission spectra, we solved the classical equations of
motion inside a laser field propagating through a back-
ground plasma, mediated by a modification of the laser
photons’ dispersion relation. To obtain this solution we
observe that for k2L 6= 0 the classical equations of motion
become (s. also [37])
dpµ(η)
dη
=
e
(p(s)kL)
(kµL(ALp(s))−AµL(p(s)kL))∂ηψA(η).
(3)
This equation is a complete integral and solved by
the electron momentum pµ(η) = pµi − eAµLψA(η) +
kµL [(p(η)kL)− (pikL)] /k2L. As a consequence, the emis-
sion probability obtained from the modulus square of
?? agrees with the classical radiation power, obtained
from inserting the above derived classical electron cur-
rent into the Lie´nard-Wiechert potentials, up to terms
of order k4L in agreement with the here used order of
the wave function’s expansion. There is, however, a
discrepancy between the classical and quantum emis-
sion inside a plasma: The modulus square of the clas-
sical current, entering the emission probability, for an
electron initially at rest in a plasma is corrected by
j2plas = j
2
vac[1−ξ2k2L/ω2L]. Consequently, we see that clas-
sically a plasma suppresses radiation. In the quantum
case, e.g., for high emitted frequencies, the emission oc-
curs close to the stationary points η0 of the rapidly oscil-
lating exponential phase, here distinguished by σpi(η0)−
σpf (η0) + k
2
L/2(σ
2
pi(η0)/(kLpi)− σ2pf (η0)/(kLpi)) = 0. In
the vacuum case for an electron initially at rest, as stud-
ied below, these stationary points are distinguished by
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FIG. 2. Angular spectra of the Compton scattered signal for
a laser pulse with IL = 10
22W/cm2 (ξ ≈ 70) and a plasma
density of ne = 10
18cm−3 compared to the vacuum boundary
angle θvac1 (white dotted line).
the potential’s shape function assuming a value ψ(ηvac0 ) =
−e(pfA)(kLpi)/e2A2L(kLk′) + iκ, where the imaginary
part is small κ ∼ 1/ξ and the real part determines the
angular emission’s distribution [50]. Inserting this solu-
tion back into the original equation we find the station-
ary points in the presence of a background plasma to be
solutions of the equation ψ(ηplas0 ) = ψ(η
vac
0 ) + iC, with
some complicated real factor C, i.e., the plasma induces a
purely imaginary correction to the stationary point and
the angular emission range, distinguished by the latter’s
real part is expected to remain unchanged. On the other
hand, close to the real stationary points the exponential
phase is corrected in the background plasma by a fac-
tor δΣ(η0) ≈ −k2L(kLpi)3(pfA)4/4A4L(kLpf)3(kLk′)3(1+
(kLk1)/(kLpi) − (kLpi)/(kLk1))∆ηcoh < 0, where ∆ηcoh
indicates the process’ coherence length. In the high-
frequency regime, (kLk1) ∼ (kLpi) this correction is
negative, i.e., the exponential oscillations are reduced
and the radiation probability enhanced. Physically, this
seems to imply that while classically the plasma sup-
presses the radiating charge current, if quantum effects
are important the suppression concerns quantum phase
oscillations, in fact enhancing the emission.
Next, we quantify the above discussion in the context
of the ongoing and planned high-intensity laser-plasma
interaction experiments [1] by integrating ?? numeri-
cally. We are going to study a two-cycle laser pulse with
ψ(η) = sin4(η/4) sin(η) if η ∈ [0, 4π] and zero elsewhere
scattering an electron initially at rest pµi = (m,0). In
accordance with the cold, collisionless plasma approx-
imation any plasma electron can be approximated by
this initial state, as its random thermal motion is neg-
ligible compared to its laser-driven dynamics. We be-
gin by considering a laser of intensity IL = 10
22W/cm2
(ξ ≈ 70) and visualize the full radiation process by in-
tegrating the emission probability over all directions of
the emitted photon to obtain the energy emitted per unit
frequency dE/dω1 for different plasma densities (s. Fig. 1
(a)). While the spectral peak at low ω1 is unaffected
by the plasma, the collective effect of the optical pho-
tons accumulates into a higher yield of high-energy pho-
tons, even though high-energy photons do not see the
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FIG. 3. (a) Integrated spectra for IL = 10
22 W/cm2 for for-
ward emission (θ1 ≤ θ
vac
1 /2) for different plasma densities. (b)
Total emitted energy compared to the vacuum limit (dashed
red) with a linear fit (solid blue).
plasma as a medium. Integrating the spectra over all
frequency components, we obtain the total emitted en-
ergy E as a function of plasma density (s. Fig. 1 (b)).
The numerical data is well reproduced by a quadratic fit
E = E(ne = 0) + δE n2e, with δE ≈ 6 × 10−33 eV cm6,
demonstrating an increasing plasma density to lead to a
nonlinear increase of emitted energy with respect to the
vacuum result, which reduces to the Larmor formula for
χ→ 0 [51]. Next to this spectral analysis, the emission’s
angular distribution is of interest, which in vacuum was
shown to be confined to θ1 ≥ θvac1 := 2ε/mξψmax [50, 52],
where ψmax is the shape function’s maximal value, i.e., in
the present case ψmax ≈ 0.78. Integrating ?? over φ1 we
obtain the angular spectrum which even for the largest
plasma density studied above exhibits the same angu-
lar confinement (s. Fig. 2). Thus, the emission’s angular
distribution is not influenced by the background plasma,
unlike its spectrum.
Apart from observing the high-yields of the high-
energy photons, one can also investigate the Compton
scattering of low-energy photons. Though it may seem
counterintuitive at first sight but it’s important for two
reasons: first, the high-energy photons do not experience
the plasma’s refractive index but low-energy photons do,
satisfying a non-linear dispersion relation. Thus, the in-
fluence of the plasma, as a medium, on the Compton
scattering can be different for low-energy photons. Sec-
ond, the Compton scattered signal at low-energy pho-
tons can interfere with the stimulated Raman scattering
(SRS) instability, which is the manifestation of the col-
lective effects of the plasma medium and it’s one of the
most important parametric instabilities in a plasma [53–
FIG. 4. Difference between Compton peaks corresponding to
Fig. 1 and the harmonics of anti-Stokes mode ω+ = nωL +
ωp, where n = 1, 2, 3 (corresponding to different Compton
peaks), for ξ = 100 at different plasma densities. The colorbar
represents the photon energies in eV.
57]. Indeed, the non-resonant Raman scattering is often
refereed to as the stimulated Compton scattering in a
plasma [29]. The SRS of a laser pulse can occur in any di-
rection, but the forward Raman scattering (FRS) branch
of the SRS propagates collinearly with the laser pulse,
and affects the low-energy laser photons in the laser’s
propagation direction, i.e., inside the central dip of the
emission’s angular distribution (s. Fig. 2). The SRS of
a laser pulse is usually probed by interferometric anal-
yses on the laser pulse itself [58] while the high-energy
photons from Compton scattering are recorded on a de-
tector. Thus, the detection of the Compton scattering of
a laser pulse in a plasma has twofold possibilities both in
low-photon energy (eV) and high-photon energy (MeV)
regimes. These detection possibilities, instead of being
intrusive, are complementary to each other and their si-
multaneous observations can further affirm the theoreti-
cal predictions presented here.
In order to facilitate this comparison, we integrate ??
over all φ1 but only over θ1 ≤ θvac1 /2. In this direc-
tion the integrated spectra feature only a few peaks (s.
Fig. 3 (a)), similar to the vacuum case where for θ1 = 0
only the first harmonic ω1 ≡ ωL can be emitted. As ar-
gued above, this low-energy emission is reduced at higher
plasma densities (s. Fig. 3 (b)) and the data is well re-
produced by a linear fit E = E(ne = 0) − δE ne, with
δE ≈ 6 × 10−23 eV cm3, demonstrating that the reduc-
tion with respect to the vacuum Larmor result is due
to linear plasma effects. Furthermore, the peak posi-
tions shift to larger ω1. Since in a plasma k
2
L = ω
2
p,
one can interpret the effective laser photon energy in a
plasma as ωplasL = ωL + ωp, equivalent to the quantum
of the anti-Stokes mode of the Raman scattering. Thus
one can compare the emission frequencies of nonlinear
Compton scattering with those of Raman scattering. In
5the ultra-relativistic regime the growth rate of the Raman
scattering is rather low despite the enhancement caused
by the radiation reaction force [57]. However, growth of
the Raman scattering in the relativistic case can be com-
parable with the Compton signal. Like Compton scat-
tering, Raman scattering of linearly polarized light can
exhibit harmonics of the anti-Stokes quanta of Raman
scattering [56]. Fig. 4 depicts the difference between the
Compton peaks from Fig. 3 and the anti-Stokes mode
ωn+ = nωL + ωp,withn = 1, 2, 3. For the fundamental
quanta, i.e., ω1+ = ωL + ωp, one can see for all plasma
densities there is significant interference between these
two terms. This strongly suggests that one should also
expect possible quantum interference effects on the Ra-
man spectra. These interferences can cause broadening
of the Raman signal, which is sometimes also observed
in experiments due to other origins. Moreover, at high
plasma densities and for higher Compton peaks, the dif-
ference gets larger. Hence in this parameter regime it is
possible to differentiate between the Compton and the
Raman signals. These predictions can be readily verified
for a linearly polarized laser pulse of few femtosecond
duration with intensity IL ∼ 1022W/cm2 and plasma
densities ne ∼ 1016−19cm−3, which are already available.
According to Fig. 1, not only the total photon yields are
increased but also the maximum photon energy at higher
plasma densities. Also the broadening of the SRS signal
with respect to plasma density should be easily detected
with the current state-of-art interferometric analysis such
as, e.g., SPIDER and FROG techniques [59, 60].
To summarize, we have studied nonlinear Compton
scattering of an electron in the presence of a strong few-
cycle laser field modified in a background plasma based
on modified Volkov states. The found modifications of
the emission spectra arising due to the laser dispersion
in a plasma suggest an impact of the plasma on con-
ventional quantum interference effects. We discussed the
implications of our results in the context of intense short-
pulse laser-plasma interaction experiments and identified
the quantum interference effects as an additional mecha-
nism for the broadening of the Raman signals.
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